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ABSTRACT
We generalize the spherical collapse model for the formation of bound objects to apply
in a Universe with cosmological constant and quintessence. We calculate the critical
condition for collapse of an overdense region and give exact values of the characteristic
densities and redshifts of its evolution. We apply the results to calculate the mass
function of bound objects. Comparison with the data for clusters indicates a preference
of models with quintessence over those with cosmological constant.
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1 INTRODUCTION
The spherical collapse model was first developed by Gunn
& Gott (1972) for a flat Universe with no cosmological con-
stant. It assumes that the process of formation of bound
objects in the Universe can be at first approximation de-
scribed by evolution of an uniformly overdense spherical re-
gion in otherwise smooth background (and it is therefore
called the top hat model). Despite its simplicity, the model
is still widely used to explain properties of a single bound ob-
ject via extensions such as the spherical infall model (Gunn
1977; Hoffman & Shaham 1985;  Lokas 2000) as well as sta-
tistical properties of different classes of objects via Press-
Schechter-like formalisms (Press & Schechter 1974, hereafter
PS; Lacey & Cole 1993, 1994).
Recently, our knowledge on background cosmology has
improved dramatically due to new supernovae and cosmic
microwave background data. Current observations favor a
flat Universe with Ω0 = 0.3 (see e.g. Harun-or-Rashid &
Roos 2001 and references therein) and the remaining contri-
bution in the form of cosmological constant or some other
form of dark energy. A new class of models that satisfy
these observational constraints has been proposed by Cald-
well, Dave, & Steinhardt (1998) where the cosmological con-
stant is replaced with an energy component characterized
by the equation of state p/% = w 6= −1. The component
can cluster on largest scales and therefore affect the mass
power spectrum (Ma et al. 1999) and microwave background
anisotropies (Balbi et al. 2001; Doran et al. 2000).
A considerable effort has gone into attempts to put con-
straints on models with quintessence and presently the val-
ues of −1 < w < −0.6 seem most feasible observationally
(Wang et al. 2000; Huterer & Turner 2000). Another di-
rection of investigations is into physical basis for the ex-
istence of such component with the oldest attempts go-
ing back to Ratra & Peebles (1988). One of the promis-
ing models is based on so-called “tracker fields” that dis-
play an attractor-like behavior causing the energy density
of quintessence to follow the radiation density in the radi-
ation dominated era but dominate over matter density af-
ter matter-radiation equality (Zlatev, Wang, & Steinhardt
1999; Steinhardt, Wang, & Zlatev 1999). It is still debated,
however, how w should depend on time, and whether its
redshift dependence can be reliably determined observation-
ally (Barger & Marfatia 2001; Maor, Brustein, & Steinhardt
2001; Weller & Albrecht 2001).
From the gravitational instability point of view the
quintessence field and the cosmological constant play a very
similar role, both can be treated as (unclustered) dark en-
ergy components that differ by their equation of state pa-
rameter, w. Technically, the equations governing the expan-
sion of the Universe and the growth of density perturbations
in the two models differ only by the value of w. Throughout
the paper we aim at providing a unified treatment of both
models, considering the quintessence model to be a general-
ization of the cosmological constant model.
Given the growing popularity of models with cosmolog-
ical constant or quintessence we generalize the description of
the spherical collapse to include its effect. The top hat model
serves as a basic tool in performing analytic calculations of
structure formation via gravitational instability in an ex-
panding Universe, most notably in the framework of the PS
formalism. Our aim here is to extend the arsenal of ana-
lytical, or quasi-analytical, formulae describing the redshifts
and (over)densities characterizing the collapse processes to
the case of a Universe dominated by a cosmological constant
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or quintessence field. We derive some simple analytical for-
mulae and fits that will serve as useful tools in constructing
models of structure and galaxy formation.
The paper is organized as follows. In Section 2 we briefly
summarize the properties of the cosmological model with
quintessence including the linear growth factor of density
fluctuations. Section 3 is devoted to the evolution of the
overdense region and gives the critical threshold for collapse.
Sections 4 and 5 discuss the characteristic densities of the
forming object and redshifts of evolution. In Section 6 we
apply the predictions of the model to calculate the cumu-
lative mass function of clusters. The discussion follows in
Section 7.
2 THE COSMOLOGICAL MODEL
Quintessence obeys the following equation of state relating
its density %Q and pressure pQ
pQ = w%Q, where − 1 ≤ w < 0. (1)
The case of w = −1 corresponds to the usually defined cos-
mological constant.
The evolution of the scale factor a = R/R0 = 1/(1 + z)
(normalized to unity at present) in the quintessential Uni-
























and H0 is the present value of the Hubble parameter.
The quantities with subscript 0 here and below denote the
present values. The parameter Ω is the standard measure
of the amount of matter in units of critical density and q





For w = −1 we will replace q with λ = Λ/(3H2) where Λ =
const is the standard cosmological constant. The Einstein
equation for acceleration d2a/dt2 = −4piGa(p + %/3) shows
that w < −1/3 is needed for the accelerated expansion to
occur.
Solving the equation for the conservation of energy
d(%Qa
3)/da = −3pQa
2 with condition (1) we get the follow-
ing evolution of the density of quintessence in the general
case of w = w(a)
%Q = %Q,0 exp
[







in agreement with Caldwell et al. (1998). For w = const, the
case considered in this paper, the formula reduces to
%Q = %Q,0 a
−3(1+w). (6)
The evolution of Ω and q with redshift z is given by


















= (1 + z)2(1 + Ω0z) (9)
+ q0(1 + z)
3(1+w)[1− (1 + z)−(1+3w)].
The linear evolution of the matter density contrast δ =




δ˙ − 4piG%δ = 0 (10)
where dots represent derivatives with respect to time. In
the case of w = −1 and w = −1/3 the growing mode can be








where f(a) was defined in equation (3). The expression in
(11) is normalized so that for Ω = 1 and q = 0 we have
D(a) = a.
For some special cases one can obtain analytical expres-































which is equivalent to the better known expression given by
e.g. Peebles (1980). Expression (12) is also valid for w =
−1/3 because then the q-dependent term in (3) vanishes.
































In the case of w = −1, for arbitrary (Ω0, λ0) pairs D(a)
is easily obtained by numerical integration in equation (11)
(see also Hamilton 2001). The solutions (12) and (13) to-
gether with the numerical solution to equation (10) for
w = −2/3 are plotted in Figure 1 for the cosmological pa-
rameters Ω0 = 0.3 and q0 = 0.7.
3 EVOLUTION OF THE OVERDENSE
REGION
We assume that at some time ti corresponding to redshift
zi the region of proper radius ri is overdense by the aver-







i (1 + ∆i) (14)
where ρb,i is the background density of matter at ti.
Evolution of this region is governed by the energy equa-
tion
